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Abstract

In a certain class of cosmological models it is shown that every Ricci flat complete space-
time must be locally flat.

1. Introduction

Recently space-times have been found that violate Mach’s principle (Abe,
1971; Ozsvath & Schuching, 1962). These space-times are complete and
empty, but not locally flat (i.e. they have no matter and a non-vanishing
gravitational field). This is just another expression of the fact that the field
equations do not completely determine the gravitational field. Einstein (1917)
himself recognized this problem and attempted to solve it by illuminating the
need for boundary conditions using a universe with compact spatial section.
Unfortunately, boundary conditions are still needed unless the whole space-
time is compact. Compact space-times are not interesting in themselves since
they are acausal. However, those space-times that are covering spaces of
compact space-times need not be acausal and require no boundary conditions
just as the compact space-times. Thus one would hope that this aspect of
Mach’s principle would apply if one restricted oneself to these space-times
which are called periodic (see Thrig & Sen, 1974). It is the purpose of this
note to give a result in this direction.

Unfortunately this result is only partial since it uses other restrictions
than just periodicity. We have neither been able to prove every Ricci flat
periodic space-time is flat nor produce a counter example. However, we
suspect that there is no counter example since if Bochner theory held for
pseudo-Riemannian metrics then the proof of 2.4 would show this. Although
this more general question is left open, our partial result is of interest since the
most confining restriction we use from a physical point of view is the periodicity
condition.
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2. Mach’s Principle

To satisfy Mach’s principle we would like to find a class € of space-times

which have the following properties:
(i) if M € ¥ and if M is empty it is locally flat,
(ii) every M € € is complete,
(iii) % contains models which agree with observations as well as any
Robertson—Walker metric (with &k = 0).

Since & will be taken to be a subclass of periodic space-times we will need to
include the cosmological constant in Einstein’s equations:

onK
R/ —3Rg) + Ag) =~ =z T,

We will include a fourth criterion for our class that the cosmological constant
is not an independent constant. Using the fact that the only constant that can
be constructed from the geometry is the integral of a scalar and that this
integral must be of the same dimension as R we make the following assump-
tion.

2.1. Assumption. Let M be a periodic space-time which is the covering
space of M then

A=1 fR(\/—g)dxl dx? dx® dx"/
"

dxt dx? dx3 dx"
\-g
M

where [ is a fixed dimensionless constant [ % (3n — 1)/n = ng, n = dim M. Now
we are able to define €.

2.2. Definition. M € € iff

(a) M is periodic with M its corresponding compact space-time,

(b) M admits R” ™! as an isometry group which generatesan — 1-

dimensional space-like distribution,

(c) M is finely causal (M has no trapped null curves (see Ihrig & Sen, 1975).
Condition (b) is needed in the proof of our following theorem, but it seems
that the theorem is probably true without this assumption for # = 4. Since (b)
does not interfere with (iii} of our conditions on ¥, this is not too much of a
problem. (c) is a very weak condition that assures that periodic space-times
are complete (Thrig & Sen, 1975). (Note that not every periodic space-time is
complete (Misner, 1963).) So the major assumption on ¥ is (a).

We now verify that € has the desired properties. (iii) follows from noting
that any Robertson-Walker metric is the same as a periodic Robertson-Walker
metric for as far as observations can be made (unless a big bang has been
observed). The k= 0 metrics satisfy (b) and all the periodic metrics satisfy
(c).

Concerning (ii), (¢) assures all the space-times in € are complete.

We must only deal with (i). We take care of this condition with the follow-
ing theorem:
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2.3. Theorem. Suppose M € € of (2.2). Then if M is empty (T3 = 0) then
M is locally flat.

Proof. Assume Ty = 0. We first show R;; = 0. Using Einstein’s equations
we find

R=(/ng)A  whereng=0Gn —1)/n
Thus, using 2.1, if w = (—g)dx! dx? dx? ... dx" then

MITE

!
=—A
)

Since ! # ng we have A =0. Thus R = A = 0 and Einstein’s equations gives
Rii=0. -

We will now continue working only with M. M is Ricci flat and compact
from the above considerations. Also M may be assumed to be orientable for
otherwise one may replace M by the appropriate 2-fold covering. Let D be the
distribution generated by R"~1 in 2.2(b). Let vy, . . ., v,,_ be the Killing
vector fields generated by /4, ..., [,_y €R"—1, {I;} any bases of R"—!,
Since M is a compact manifold we have for any 7 that

0= f (Ric(v;, v;) + trace 4y, 4,) w
m

But Ric (v;, v;) = 0. So that the only term left is trace Ay; Ay;. We have

trace (4, 4y,) = — ; €@ Ay X, Ay Xe)

where (Xo,D) =0, (xq,x0) = — 1, x, is an orthonormal basis of the tangent
space at a given point and e(e) =1 if e =0, e(e) = 1 if e # 0. If we show that

@)y (Xe), Ay (Xe))
is less than zero for every e then we may conclude that
(A,,Z.Xe,AviXe) =0Ve
If also each 4, X, is either time-like or space-like then
Ay X, =0Ve

and thus v; is totally geodesic since Ay Xe=—Dx,;=0.

Let us show these two things. We will in fact show Ay, X is space-like and
Av; X is time-like for e # 0, which will give us both of our requirements. First
we deal with 4y, x,.

(Au,-xo,xo) = —(Av,-xo, Xo)
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which gives (Ay; X9, Xo) = 0 o1 Ay, X, is space-like. Now we need only to show
Ay; x, are time-like. We will show

Ay v, v6)=0  j,k#0

Thus Ay, v; =Ajvg and so Ay;x. will be a constant times v since x, is a linear
combination of the v;. Now since [v;, v;] =0 we have

Ay, vie) = (Ayi, vi) = — (v, Ay Vi)
Also since (4,7, vx) = —(Ay;vk, v;) we have
(Avivj, vE) = (Ui’Akaj) = (v, Aujvk)

Thus (4,,v;, vi) is zero. This establishes that v; is totally geodesic. So M must
be locally flat and thus M is also locally flat as desired.

We have shown € is a collection of cosmological models which satisfies the
desired features stated above. An interesting question is whether € can be
extended to include more periodic space-times. One would suspect so
because of the following observation:

2.4. Remark. Suppose M is a“Riefnannian metric, is periodic, and is four-
dimensional. Suppose also that M admits some space-time structure. Then if
M is Ricci flat it is flat.

Proof._Suppose M is Ricci flat. Then so is M, the  compact metric associated
with M. M admits a space-time structure and dim (M) = 4 means H*(M,R) # 0
(see Thrig & Sen, 1974). Thus M must have a harmonic vector field »;. According
to Bochner (1974), v, is totally geodesic. Thus locally M = R x M3 where M
is a 3-dim Ricci flat manifold. But every 3-dim Ricci flat manifold is locally
flat. Thus M is locally flat and so is M (see Fisher & Wolf, 1974, for a different
approach to the last two lines of this proof).

If we were to try to apply this remark to the Lorentz case we would need
either one time-like Killing vector field or three space-like ones (see Komar,
1966). The assumption of a time-like Killing vector field in cosmology is
generally too strong to be of interest; thus one would have to assume the
existence of three space-like hypersurface orthogonal Killing vector fields to
proceed. This is reasonable, but one can give a more direct proof in an
arbitrary dimensional setting if one assumes this much, as we did in 2.3.
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